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To Professor John C Wood on his sixtieth birthday.
Abstract. In this paper we classify those three-dimensional Riemannian Lie
groups which admit harmonic morphisms to surfaces.
1. Introduction
A harmonic morphism between two Riemannian manifolds is a map with
the property that its composition with any local harmonic function on the
target manifold is a local harmonic function on the domain. These maps
can be seen as an extension of conformal mappings between Riemann sur-
faces. Harmonic morphisms were introduced by C. G. J. Jacobi [8], but
the first characterization of these in the context of Riemannian manifolds
was made by B. Fuglede and T. Ishihara [4, 7]. Not surprisingly, harmonic
morphisms must solve a non-linear, overdetermined system of partial dif-
ferential equations. Therefore, there is no general existence theory; in fact,
there are examples of Riemannian manifolds which do not allow any global,
non-constant harmonic morphism between them [9].
With this in mind, it is natural to consider low-dimensional situations
when attempting to classify harmonic morphisms. A submersive harmonic
morphism gives rise to a conformal foliation of its domain, and when the
target manifold is a surface, the leaves of this foliation are minimal subman-
ifolds. Hence any submersive harmonic morphism from a 3-manifold to a
surface gives rise to a conformal foliation by geodesics of the domain. In a
careful study of this situation, P. Baird and J. C. Wood proved that the Ricci
curvature must be conformal on the distribution orthogonal to the leaves. It
follows from this that there can be at most two distinct conformal foliations
by geodesics of a 3-manifold with non-constant sectional curvature, and a
similar result is then true for the number of possible harmonic morphisms.
For precise statements of these results, we refer the reader to Section 10.6 of
[3] or Theorem 4.1 below. By using this, Baird and Wood showed that the
3-dimensional Thurston geometry Sol (see Section 3 below) does not allow
any non-constant harmonic morphisms to a surface, not even locally.
We will here apply the results of Baird and Wood on conformal foliations
by geodesics to 3-dimensional Lie groups. We give a complete classification
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of those 3-dimensional Riemannian Lie groups admitting harmonic mor-
phisms to surfaces. In particular, we show that Sol fits into a continuous
family of Lie groups, none of which admits any non-constant local harmonic
morphisms to surfaces.
For the general theory of harmonic morphisms, we refer to the exhaustive
book [3] or the on-line bibliography of papers [5].
2. Harmonic morphisms and minimal conformal foliations
Let M and N be two manifolds of dimensions m and n, respectively. A
Riemannian metric g on M gives rise to the notion of a Laplacian on (M,g)
and real-valued harmonic functions f : (M,g) → R. This can be generalized
to the concept of harmonic maps φ : (M,g) → (N,h) between Riemannian
manifolds, which are solutions to a semi-linear system of partial differential
equations, see [3].
Definition 2.1. A map φ : (M,g)→ (N,h) between Riemannian manifolds
is called a harmonic morphism if, for any harmonic function f : U → R
defined on an open subset U of N with φ−1(U) non-empty, f ◦φ : φ−1(U)→
R is a harmonic function.
The following characterization of harmonic morphisms between Riemann-
ian manifolds is due to Fuglede and Ishihara. For the definition of horizontal
(weak) conformality we refer to [3].
Theorem 2.2. [4, 7] A map φ : (M,g) → (N,h) between Riemannian
manifolds is a harmonic morphism if and only if it is a horizontally (weakly)
conformal harmonic map.
The next result gives the theory of harmonic morphisms a strong geomet-
ric flavour. It also shows that the case when the codomain is a surface is
particularly interesting.
Theorem 2.3. [1] Let φ : (Mm, g) → (Nn, h) be a horizontally (weakly)
conformal map between Riemannian manifolds. If
i. n = 2, then φ is harmonic if and only if φ has minimal fibres at
regular points;
ii. n ≥ 3, then two of the following conditions imply the other:
(a) φ is a harmonic map,
(b) φ has minimal fibres at regular points,
(c) φ is horizontally homothetic.
In particular, the conditions characterizing harmonic morphisms into a
surface N2 only depend on the conformal structure of N2.
3. The 3-dimensional Lie groups
At the end of the 19th century, L. Bianchi classified the 3-dimensional real
Lie algebras. They fall into nine disjoint types I-IX. Each contains a single
isomorphy class except types VI and VII which are continuous families of
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different classes. For later reference we list below Bianchi’s classification
and notation for the corresponding simply connected Lie groups. We also
equip these Lie groups with the left-invariant metric for which the given
basis {X,Y,Z} of each Lie algebra is orthonormal at the identity.
Example 3.1 (Type I). The Abelian Lie algebra R3; the corresponding
simply connected Lie group is of course the Abelian group R3 which we
equip with the standard flat metric.
Example 3.2 (II). The Lie algebra n3 with a basis X,Y,Z satisfying
[X,Y ] = Z.
The corresponding simply connected Lie group is the nilpotent Heisenberg
group Nil3.
Example 3.3 (III). The Lie algebra h2 ⊕ R = span{X,Y,Z}, where h2 is
the two-dimensional Lie algebra with basis X,Y satisfying
[Y,X] = X.
The corresponding simply connected Lie group is denoted by H2 ×R. Here
H2 is the standard hyperbolic plane.
Example 3.4 (IV). The Lie algebra g4 with a basis X,Y,Z satisfying
[Z,X] = X, [Z, Y ] = X + Y.
The corresponding simply connected Lie group is denoted by G4.
Example 3.5 (V). The Lie algebra h3 with a basis X,Y,Z satisfying
[Z,X] = X, [Z, Y ] = Y.
The corresponding simply connected Lie group H3 is the standard hyper-
bolic 3-space of constant sectional curvature −1
Example 3.6 (VI). The Lie algebra sol3α, where α > 0, is the Lie algebra
with basis X,Y,Z satisfying
[Z,X] = αX, [Z, Y ] = −Y.
The corresponding simply connected Lie group is denoted by Sol3α. The
group Sol mentioned in the introduction is actually Sol31.
Example 3.7 (VII). The Lie algebra g7(α), where α ∈ R, is the the Lie
algebra with basis X,Y,Z satisfying
[Z,X] = αX − Y, [Z, Y ] = X + αY.
The corresponding simply connected Lie group is denoted by G7(α).
Example 3.8 (VIII). The Lie algebra sl2(R) with a basis X,Y,Z satisfying
[X,Y ] = −2Z, [Z,X] = 2Y, [Y,Z] = 2X.
The corresponding simply connected Lie group is denoted by S˜L2(R) as it
is the universal cover of the special linear group SL2(R).
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Example 3.9 (IX). The Lie algebra su(2) with a basis X,Y,Z satisfying
[X,Y ] = 2Z, [Z,X] = 2Y, [Y,Z] = −2X.
The corresponding simply connected Lie group is of course SU(2). This is
isometric to the standard 3-sphere of constant curvature +1.
4. The classification
In this section the following theorem of Baird and Wood is applied to
get a complete classification of those 3-dimensional Riemannian Lie groups
which admitting harmonic morphisms to surfaces.
Theorem 4.1. [3] Let M be a 3-dimensional Riemannian manifold with
non-constant sectional curvature. Then there are at most two distinct con-
formal foliations by geodesics of M . If there is an open subset on which the
Ricci tensor has precisely two distinct eigenvalues, then there is at most one
conformal foliation by geodesics of M .
The simply connected 3-dimensional Riemannian Lie groups of constant
sectional curvature are the standard R3, H3 and SU(2), modulo a constant
multiple of the metric. For the other cases we have the following result.
Theorem 4.2. [6] Let G be a connected 3-dimensional Lie group with a
left-invariant metric of non-constant sectional curvature. Then any local
conformal foliation by geodesics of a connected open subset of G can be
extended to a global conformal foliation by geodesics of G. This is given by
the left-translation of a 1-parameter subgroup of G.
Proof. Assume that V is a conformal foliation by geodesics of some con-
nected neighbourhood U of the identity element e of G and denote by H the
orthogonal complement of V. Let U ′ ⊂ U be a connected neighbourhood
of e such that gh ∈ U for all g, h ∈ U ′, and let U ′′ ⊂ U ′ be a connected
neigbourhood of e for which g−1 ∈ U ′ for all g ∈ U ′′.
For any g ∈ G, we denote by Lg : G → G left translation by G. Take
g ∈ U ′′ and consider the distribution dLgV
∣
∣
U ′
, obtained by restricting V to
U ′ and translating with g. As Lg is an isometry, this is also a conformal
foliation by geodesics of LgU
′, which is a connected neigbourhood of e. It
is clear from Theorem 4.1 and by continuity, that this distribution must
coincide with V restricted to LgU
′. It follows that d(Lg)h(Vh) = Vgh for all
g, h ∈ U ′′. In particular we have
d(Lg)e(Ve) = Vg (g ∈ U
′′).
Define a 1-dimensional distribution V˜ on G by
V˜g = (dLg)e(Ve) (g ∈ G).
Its horizontal distribution H˜ is clearly given by left translation of He. From
the above we see that
V˜
∣
∣
U ′′
= V
∣
∣
U ′′
.
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It follows that
BV˜
∣
∣
U ′′
= BV
∣
∣
U ′′
= 0,
and since V˜ is left-invariant, it follows that BV˜ = 0 everywhere, i.e., V˜ is
totally geodesic. In the same way we see that V˜ is a conformal distribution
and, by Theorem 4.1, we see that
V˜
∣
∣
U
= V.
This shows that V extends to a global conformal, totally geodesic dis-
tribution V˜, which is left-invariant. By picking any unit vector V ∈ Ve,
we see that the corresponding foliation is given by left translation of the
1-parameter subgroup generated by V . 
Let G be a 3-dimensional Lie group with Lie algebra g equipped with
a left-invariant Riemannian metric such that {X,Y,Z} is an orthonormal
basis for g. Assume that the 1-dimensional left-invariant foliation generated
by Z ∈ g is minimal and horizontally conformal i.e. producing harmonic
morphisms. Then it is easily seen that the bracket relations for g are of the
form
[X,Y ] = xX + yY + zZ,
[Z,X] = aX + bY,
[Z, Y ] = −bX + aY,
where a, b, x, y, z ∈ R. In this case the Jacobi identities for the Lie algebra
g imply that
az = 0, ax+ by = 0, bx− ay = 0.
The following three families of 3-dimensional Lie algebras give a complete
classification.
Example 4.3. With a = b = 0 we yield a 3-dimensional family of Lie groups
with bracket relation
[X,Y ] = xX + yY + zZ.
If x = y = z = 0 then the type is I. If x or y non-zero then we have type
III. If z 6= 0 and x = y = 0, then the type is II.
Example 4.4. In the case of x = y = z = 0 we get semi-direct products
R2 ⋊R with bracket relations
[Z,X] = aX + bY,
[Z, Y ] = −bX + aY.
If b 6= 0 then the Lie algebra is of type VII. If b = 0 then the Lie algebra is
of type V or of type I if also a = 0.
Example 4.5. When x = y = a = 0 we obtain a 2-dimensional family with
the bracket relations
[X,Y ] = zZ,
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[Z,X] = bY,
[Z, Y ] = −bX.
When bz < 0 the Lie algebra is of type VIII and of type IX if bz > 0. The
case when z = 0 and b 6= 0 is of type VII (α = 0), and the case when b = 0
and z 6= 0 is of type II. The case when b = z = 0 is of type I.
With the above analysis we have proved the following classification result.
Theorem 4.6. Let G be a 3-dimensional Lie group with Lie algebra g. Then
there exists a left-invariant Riemannian metric g on G and a left-invariant
horizontally conformal foliation on (G, g) by geodesics if and only if the Lie
algebra g is neither of type IV nor of type VI.
Note that in the cases of type I, II, III, V, VII, VIII and IX the possible
left-invariant Riemannian metrics are completely determined via isomor-
phisms to the standard examples presented in Section 3.
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